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Abstract 

Recent results on the scattering of waves by chaotic systems with losses and 
direct processes are discussed. We start by showing the results without direct 
processes nor absorption. We then discuss systems with direct processes and 
lossy systems separately. Finally the discussion of systems with both direct 
processes and loses is given. We will see how the regimes of strong and weak 
absorption are modified by the presence of the direct processes. 
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I. INTRODUCTION 

Since many years, Random Matrix Theory (RMT) has been applied to a plethora of 
systems in physics such as atomic nuclei, atoms, and molecules [U El E]. The only 
assumption is that the underlying ray dynamics is chaotic. More recently it found 
application in other undulatory systems as mesoscopic transport, microwaves, sound 
and elastic waves, among others gl El El [3 El El HOI QU Q2 Q31 H HE] . The way in 
which RMT applies in the different systems, changes from one application to another. 
To predict the experiment, particular characteristics of each system should be taken 
in to account as the presence or absence of symmetry, interactions, etc. 

RMT yields universal predictions for the fluctuations but these fluctuations appear 
over an average. The average should be then taken into account as a non-universal 
feature. 

In the case of the energy levels the mean level density is non-universal and depends 
on each system while the fluctuations are described by the Gaussian ensembles. In 
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the case of scattering systems the average of the S-matrix is non-universal but the 
fluctuations are described by the circular ensembles [15] . These non-universal features 
should be taken into account to fit experiments. A non-vanishing average of the S- 
matrix yields information of prompt responses in the scattering that can come from 
an imperfect coupling between the scattering channels and the inner region 

As shown in several recent experiments [5j EJ EJ |9] [10] in mesoscopic systems 
with classical waves, apart from non-universal features, losses appear. They can 
be taken into account at least in two different ways. On the one hand, imaginary 
potentials to simulate absorption (or amplification) can be introduced. On the other 
hand fictitious (non-measurable) leads can be added to the system. Both approaches 
are equivalent in certain limit. 

When only equilibrated responses are present, the scattering matrix So is unitary, 
its average is zero and it is distributed uniformly (p(6) = 1/2it). The sub-index indi- 
cates the absences of direct processes coming from prompt responses. Unfortunately 
this ideal case is not common in the experiment; real systems present direct processes 
coming from prompt responses. Also, in macroscopic systems, losses affect the exper- 
imental results. In the next section Poisson's kernel will be revisited; in Sec. III. the 
results for systems with absorption will be given. In Sec. IV. we will give some results 
of systems in which both, losses and direct processes are present. An alternative 
route was done in Refs. [9j [10] in which the direct processes were extracted from the 
experiments to fit the RMT predictions. 



II. SYSTEMS IMPERFECT COUPLING: THE POISSON'S KERNEL 

The statistical distributions of the S-matrix with direct processes (or with imperfect 
coupling) is given by the Poisson's kernel. In the one-channel, unitary case (without 
absorption nor amplification) the S'-matrix is parametrized as S(E) = e %e< ^ E \ and the 
Poisson's kernel reads 

" ' 2tt|S- (S)| 2 ' ( ' 

where the brackets refer to ensemble average. A plot of this distribution is given 
in Fig. [TJ When the system is ergodic, the ensemble averages can be substituted by 
energy averages; in the experiments, however, it is common to perform both averages. 

The Poisson's kernel can be obtained using different approaches. One of them is 
calculating the Jacobian of the transformation between the S-matrices of a system 
without direct processes and another with direct processes. This approach has a phys- 
ical interpretation shown in Fig. |2J the S'-matrix of the system with direct processes 
can be obtained from the composition of the So-matrix of the system without losses 
and the 2x2 scattering matrix S p of a barrier 
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Figure 1: Poisson's kernel for different values of p = \r p \. We used arg(S') = 0. 
The composition is given by 



One can notice that (S) = r p enters into Eq. (0Q). When (S) = one gets that S = So 
and then ^-matrix is distributed as So, i.e. uniformly. 



Figure 2: The scattering matrix of the system at the right can be obtained form the 
scattering matrix of the system at the left by composing it with the scattering matrix 
S p esoof the barrier. The same scheme is valid when absorption is present; S changes 
to S and So to So. 

In several experiments, as the shown in Fig. [3] with flat microwave cavities, the 
direct processes come from direct reflections at the antenna but other sources of direct 
processes cannot be disregarded. Thus the coupling T a between the antenna and the 
cavity can be modeled by the S^-matrix of Eq. ([2} as T a = 1 — | (S') | 2 . 



S = r p + t' 




(3) 
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Figure 3: Experimental realization of Eq. ([3]). The coupling between the antenna and 
the microwave cavity yields the direct processes; since the flat microwave cavity has 
the shape of the stadium, the distribution of its scattering matrix is chaotic. 



The results presented above can be generalized for N channels. A similar trans- 
formation to that of Eq. ([3]) is valid in the case of N channels. The distribution of 
the n x n scattering matrix with direct processes is given by 

dP$(S)=pf s ](S)d^(S), (4) 

where 

_(0 (s) = [det(Z B -(S) (g)t)](/MW)/2 

{s) |det(/ n -S(S) t )|tf w + 2 -fl ' 

is the Poisson's kernel for N channels and d/Ap(S) is the invariant measure of the 
circular ensembles |17j . 



III. SYSTEMS WITH LOSSES AND PERFECT COUPLING 

When absorption is present the scattering matrix is non-unitary. In the one-channel 
case, N = 1, the scattering matrix can be parametrized as 

S = V^oV 9 (6) 

where Rq is the reflection coefficient and 9 is twice the phase shift. The tilde is used to 
indicate that the S-matrix is non-unitary and, as before, the sub-index indicate that 
the direct processes vanish i.e., (S) = 0. The distribution of the scattering matrix in 
this case is 

dPf(S )=pW(R )dR f±, (7) 

Zix 
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and the interest is on the distribution Pq(R ) of the reflection coefficient Rq = SqS^. 
The strength of the losses is quantified by 7 that, at the moment, will be taken as 
a fitting parameter. When the underling classical dynamics is chaotic, Rq fluctuates 
according to 

pP(Ro) = (T^^ (^f) ; w,{x) = [ dxpv>{x), (8) 

were (3 = 1, 2 indicates the presence or absence of time reversal symmetry and [T8l[T9] 

x + 1 



WAx) 



An 



f 1 (w)g 2 (w) + f 2 (w)g 1 (w) 



+ h 1 (w)j 2 {w) + h 2 {w)j 1 {w) , (9) 

J w =(x-l)/2 



W 2 (x) = i e ~^ /2 [e^ix + 1) - e^ /2 (x - 1)] 



-P f \ ru q j.^/t^Me 74/2 [l-e 7 +< x ] . . r u q ,, 1 e -it/2 

With f q (w) = J lg to* i , </,H = J,, ^^(WP- 

= r^ ^ e ' 7t/2 ^T e ' 7)(7t - 2)1 , and Jq (w) = J?dt / Here 

g = 1, 2, l\ — w, l 2 — 0, U\ — 00, and u 2 = w. This formalism agrees with 
that obtained previously by Brouwer and Beenakker for /3 = 2 [22]. In the case 
of two channels, N = 2, the distribution of the reflection, p(Ri,R 2 ) becomes more 
complicated; it was found by Beenaker and Brouwer [221 123]. The distribution of the 
reflection eigenvalues was also found for any number of channels for /3 = 2 |20j and 
for the strong absorption limit, any number of channels for /3 = 1, 2 by Mello and 
coworkers 



IV. SYSTEMS WITH BOTH LOSSES AND DIRECT PROCESSES 

When the system is non-unitary and has direct processes the way to proceed is similar 
to that when the scattering matrix is unitary. A non-unitary matrix Sq without direct 
processes is composed with the unitary S^-matrix of the direct processes to get a 
scattering matrix with both direct processes and losses. A similar transformation as 
Eq. ([3]) is valid for non-unitary matrices but the inverse transformation 

■US) - (10) 

is needed. The scattering matrix with both losses and direct processes can be 
parametrized as 

S = VRe ie , (11) 

and its distribution is given by 

dp{ S)CS)=V^ ) CS)dR^ 1 (12) 
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where 



(S) 



V 



s-(s) 



Po(Ro(R)) 



(13) 
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and Ro(R) should be determined from Eq. ( ITUl) . Some plots of the last equation 
for different absorption and coupling parameters is given in Ref. [6] among with a 
comparison with numerical and experimental results using chaotic flat microwave 
cavities. The marginal distributions of the last equation obtained with numerical 
integration are also given there. 

Now we will show that different parameters of the direct processes and absorption 
could give similar results. In Fig. H] we show numerical results for the distribution 
of the reflection coefficient for a system without direct processes, (S) = 0, and weak 
absorption, 7 = 1.2 and another with some direct processes, (S) = 0.5 and with 
stronger absorption, 7 = 4. Those results were obtained using the Heidelberg approach 
with one open channel and several fictitious leads that simulate the losses [24J. As 
can be seen in this figure, the distribution of the reflection coefficient is quite similar 
for both cases. Since the direct processes appear in all transport systems (classical 
or quantum), this case shows that it is absolutely necessary to know quantify the 
direct processes are in each experimental system since transport properties, like the 
conductance, can be interpreted erroneously when the direct processes are not taken 
into account. 
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Figure 4: Distribution of the reflection coefficient, one with and another without 
direct processes. The case of (So) = and 7 = 1.2 is given by the squares; the 
triangles correspond to (So) = 0.5 and 7 = 4. 

In the one-channel case there are two points missing, one related to the evaluation 
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of the parameter 7 and another related to the regimes defined by (a) the losses 
and (b) the direct processes. The first question was addressed using two different 
approaches, one by adjusting the fidelity |25J and another using the average of the 
reflection coefficient [19] . What is needed to quantify the strength of the absorption 
is a measurable parameter with a correspondence one to one with 7. One possibility 
relies on the average of the reflection coefficient (R) and another in the fidelity. The 
second question was addressed only in Ref [19]; the direct processes introduce in the 
game a new time scale and redefine the regimes of weak and strong absorption are 
defined as 7 << T a and 7 >> T a , respectively. 

In the case of TV-channels, the Poisson's kernel can be generalized in the same way 
for non-unitary matrices. The result was obtained as the Jacobian of the transfor- 
mation that connects a non-unitary scattering matrix without direct processes and a 
non-unitary matrix with direct processes that are connected by (S). 

V. CONCLUSIONS 

We discussed the recent results on the scattering waves in presence of both, losses and 
direct processes. The distribution of the non unitary scattering matrix S with direct 
processes is given by the square of the Poisson's kernel. It is completely characterized 
by the average (S) and by the strength of the losses 7. The results presented here show 
that the direct processes cannot be avoided in the analysis of transport properties like 
the conductance since similar results could be obtained for systems with and without 
direct processes but for different parameters of the losses. Also, the regimes of strong 
and weak absorption change when direct processes are present. 
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